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1. INTRODUCTION
 .Suppose that w t is a real continuous scaling function such that
w x   .4supp w ; 0, N and whose translations w t y n form an orthonor-ng Z
2 .mal basis of a subspace V of L R . And further suppose that an0
2 .  4associated multiresolution analysis of closed subsets of L R , Vm mg Z
exists and satisfies
 . 2 .i ??? ; V ; V ; V ; ??? ; V ; ??? ; L Ry1 0 1 m
 .  .  .ii f t g V m f 2 t g Vm mq1
2 .  4  .iii F V s 0 , D V s L R .mg Z m mg Z m
 4 2Since w g V , there is a sequence c g l such that w satisfies the1 n
equation
w t s c w 2 t y n . 1.1 .  .  . n
n
 .Such equations as 1.1 are called two-scale difference equations and w
 w x.called a scaling function see 3 .
Each V is a reproducing kernel Hilbert space with reproducing kernelm
 .  w x.k t, s given by see 11m
k t , s s 2 mk 2 mt , 2 ms , m g Z, .  .m
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where
q`
k t , s s w t y n w s y n . 1.2 .  .  .  .
nsy`
 .  .  .  .  .From 1.2 , it is easy to see k t, s s k s, t , k t q n, s q n s k t, s , for
 . w x w x  .all n g Z, k t, s s 0 if t y s f yN, N , and for t g 0, N , k t, s s
Ny1  .  . w t y n w s y n .nsyN
 .Let c x denote the wavelet function
n
c x s y1 c w 2 t y n , .  .  . 1yn
n
w xwhose translations and dilations, as shown in 3 , form an orthonormal
2 .basis of L R .
jr2 4  .Let W s V ] V , then W s span c , where c x s 2 cj jq1 j j jk k g Z jk
 j .2 x y k . Each W is a reproducing kernel Hilbert space with reproducingj
 .kernel r t, s given byj
r t , s s 2 jr 2 jt , 2 js , j g Z, .  .j
where
q`
r t , s s c t y n c s y n . .  .  .
nsy`
2 .Let P and Q denote the orthogonal projections from L R onto Vm m m
and W , respectively, m g Z, and denote P s P . They are given bym 0
P f x s k x , y f y dy , Q f x s r x , y f y dy. .  .  .  .  .  .H Hm m m m
The projection operator P was considered by P. Lemarie-Rieusset to0
 w x.solve problems on scaling functions see 8 . Here we will consider the
m m  . 2 .Toeplitz type operator T , S . Let b x be a positive function in L R .b b
m m  .The Toeplitz type operators T , Q with symbol b x are defined to beb b
T m f x s P M P f x , Sm f x s Q M Q f x , .  .  .  .b m b m b m b m
 .  .  .where M f x s b x f x .b
Toeplitz type operators or Calderon]Toeplitz operators associated to
the continuous wavelet transform were considered by K. Nowak, R.
w x w xRochberg, and others, see 9, 10, 7 . In 7 , it is shown that these operators
are in the Schatten]von Neumann ideal class S if and only if the symbolsp
are in some Besov spaces. It is an appealing problem if there is a similar
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characterization for the symbol b when the Toeplitz type operators associ-
ated to a multiresolution or the discrete wavelet transform defined as
above are in S . The main step is to find an appropriate function spacep
which has similar properties to the Besov space. In this paper, we will
m  .characterize the symbol b when T is in S 0 - p F ` . It turns out thatb p
 .  1 p.b x is in a Wiener amalgam space W L , l which was introduced by H.m
Feichtinger in 1980 and was shown to have many applications in other
 .areas see Sect. 2 .
We will give the main results in Section 2, proofs in Section 3 for the
case 1 F p F `, and for the case 0 - p - 1 in Section 4.
2. MAIN RESULTS
Let P be an orthogonal projection given by a reproducing kernel
 .k h, j and T s PM P be the Toeplitz type operator with positive symbolb b
Ä y1r2 Ä .  .  .  .  .b x . Let k h s k j , j k h, j , then the Berezin transform b x ofj
 .  w x.b x is defined by see 1, 10, 12
Ä Ä Äb j s T k , k , 2.1 .  . /b j j
 . 2 .where ?, ? is the inner product of L R . It is easy to see
Ä Ä Äb j s bk , k . .  /j j
ÄAbout b, b, and T , we haveb
PROPOSITION 1. If T is a compact operator, thenb
p p pÄb x k x , x dx F Tr T F b x k x , x dx , for 1 F p - `, .  .  .  . .H Hb
R R
2.2 .
and
p p pÄb x k x , x dx F Tr T F b x k x , x dx , for 0 - p F 1. .  .  .  . .H Hb
R R
2.3 .
w xThe proof of Proposition 1 can be given similarly as in 10, 12 . For
 w x.completeness, it is also given here it goes along the same lines as in 10 .
 4Denote l be the eigenvalues of the positive compact operator T s T .i b
 4Let f denote the corresponding normalized eigenvectors and by includ-i
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 4ing eigenvectors corresponding to the eigenvalue 0, then f is a completei
orthonormal system and
Tf s l f , f f , . i i i
thus
Tr T s l s Tf , f , 2.4 .  .  . i i i
or
Ä ÄTr T s Tk , k k j , j dj . 2.5 .  .  .H /j j
 . w xThe second equation 2.5 is given similarly to Proposition 6.3.2 in 12 . For
1 F p - `, then
T p f s l p f , f f . . i i i
5 5And if f s 1, then2
p p2 2p pT f , f s l f , f G l f , f s Tf , f . .  .  .  .  /i i i i
< . < 2The above inequality is obtained by  f , f s 1 and Jensen's inequality.i
Ä p .  .  . Let f s k , integrate with respect k j , j dj and by 2.1 , 2.5 about Tj
.instead of T ,
pp
Ä Ä Äb j k j , j dj s T k , k k j , j dj .  .  .H H /b j j
pÄ Ä pF T k , k k j , j dj s Tr T . .  .H /j j
On the other hand
p
2pp ÄT f , f s Tf , f s b j f , k dm j . 2.6 .  .  .  . . H  /i i i i i j /
Ä 2 25 5 < . <  . <  . <Since f s 1, then H f , k k j , j dj s H f j dj s 1. Also by2i i j i
Jensen's inequality, we have
2
p p ÄT f , f F b j f , k k j , j dj . .  . . H  /i i i j
 .  p .By 2.4 about T instead of T ,
Tr T p s T pf , f F b p j k j , j dj . .  .  . . Hi i
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 .  .Thus we have proved 2.2 . The proof of 2.3 is similar and the details are
omitted here.
Ä .  .  .Now let us compute the integral Hb x k x, x dx when w x s x ,w0, 1.
w .  .where x denotes the characteristic function of a, b . In this case, w xw a, b.
 .  w x.  .is the scaling function for Haar system and k t, s s w t y s , k x, x s
Ä  .  .  w x.1, k t s k t, s cf. 11 . Thuss
Ä Ä Ä 2 w xb s s bk , k s b t w t y s dt .  .  .H /s s
w x w x 1s q1 s q12 w x w xs b t w t y s dt s b t dt s b t q s dt , .  . .  .H H H
w x w xs s 0
and
p
nq1 1pÄ w xb s ds s b t q s dt ds .  .H H H /n 0n
p
nq1 1
s b t q n dt ds .H H /n 0n
p p
1 nq1
s b t q n dt s b t dt . .  . H H /  /0 nn n
 nq1  . . p  1 p.  H b t dt is the Wiener amalgam space W L , l norm of b cf.n n
w x.  1 p.5 . Thus from Proposition 1, T s PM P g S implies b g W L , l forb b p
1 F p - `.
Wiener amalgam spaces were introduced by H. Feichtinger in 1980 and
 w x.have many applications to a wide range of problems in analysis see 4]6 .
 1 p.Here we define the Wiener amalgam space W L , l associated to them
measure
dm x [ k x , x dx , .  .m m
 .where k x, y is the kernel of the subspace V for a multiresolution ofm m
2 .L R , as given in Section 1.
 1 p.DEFINITION 1. For 0 - p F `, the Wiener amalgam space W L , l ism
defined to be
1 p 5 5 1 ppW L , l [ b x : b - ` , .  . 4W L , l .m m
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where
p` ym .lq1 2 Np
1 p5 5b [ b x dm x , for 0 - p - ` .  .W L , l . H mm  /yml2 Nlsy`
and
ym .lq1 2 N
1 `5 5b s sup b x dm x . .  .W L , l . H mm  5yml2 NlgZ
Without causing confusion with the notation of the usual Wiener
 1 p.  1 p.  .amalgam space, we also denote W L , l [ W L , l and dm x [0
 .dm x .0
About the usual Wiener amalgam space, there are other equivalent
 w x.definitions see 4 ; here we also have
LEMMA 1. For 0 - p F `, and any fixed positi¨ e integer l, then
p`  .lql N
b x dm x .  . H /lNlsy`
5 5 1 ppis equi¨ alent to b .W L , l .
In fact, Lemma 1 can be obtained from the inequalities
p py1 p pa q ??? qa F l a q ??? qa , 1 F p - `, .  .1 l 1 l
p p pa q ??? qa F a q ??? qa , 0 - p F 1, .  .1 l 1 l
where a G 0, i s 1, 2,???, l.i
 1 p.For W L , l , it has the interpolation property:
w x  .LEMMA 2 2 . For 1 F p , p F `, 0 F u F 1, let 1rp s 1 y u rp q1 2 1
urp , then2
W L1 , l p1 , W L1 , l p2 s W L1 , l p . .  .  . . w xu
w x  1 p.Lemma 2 was given in 2, Theorem 5.6.1, p. 122 . About W L , l ,m
Lemma 1 and Lemma 2 are also true for them.
Let S denote the Schatten]von Neumann ideal class S denotes thep `
. mset of bounded operators , and let T be the Toeplitz type operatorsb
defined in Section 1. Then we have
THEOREM 1. For 0 - p F `, m g Z, and a positi¨ e function b, there
exist positi¨ e constants c , c independent of b and m such that1 2
5 5 1 p 5 m 5 5 5 1 pc b F T F c b . 2.7 .W L , l . S W L , l .1 b 2m p m
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’ .  .Let D denote the dilation operator Df x s 2 f 2 x . Then by the
 1 p.definitions of W L , l , we havem
5 5 1 p m r2 5 ym 5 1 pb s 2 D b . 2.8 .W L , l . W L , l .m
ym m m  . m r2 0  .ymOn the other hand, one can check that D T D f x s 2 T f x .b D b
Thus
5 m 5 m r2 5 0 5ymT s 2 T . 2.9 .S Sb D bp p
 .  .  .By 2.8 , 2.9 , we know that the equivalence constants in 2.7 are
 .independent of m and that it is enough to prove 2.7 for the case m s 0.
We need two lemmas.
LEMMA 3. For 1 F p F ` and a positi¨ e function b, there exists a positi¨ e
constant c such that
Ä p1 p5 5b F c b x . .  .L dmW L , l .
LEMMA 4. For 0 - p F 1 and a positi¨ e function b, there exists a positi¨ e
constant c such that
Ä p 1 p5 5b x F c b . .  .L dm W L , l .
From Lemma 3, Lemma 4, Theorem 1, and Proposition 1, we then get
the following two corollaries:
COROLLARY 1. For 0 - p F ` and a positi¨ e function b, T g S if andb p
Ä p  ..only if b g L dm x .
Ä p  ..COROLLARY 2. For 0 - p F ` and a positi¨ e function b, b g L dm x
 1 p.if and only if b g W L , l .
The proofs for Lemma 3 and Theorem 1 in the case 1 F p F ` will be
given in Section 3 and those for Lemma 4 and Theorem 1 in the case
0 - p - 1 will be in Section 4.
3. PROOFS FOR THE CASE 1 F p F `
We first give the proof of Theorem 1 for 1 F p F ` under the assump-
tion that Lemma 3 is true.
 .From Proposition 1 and Lemma 3, we know the first inequality in 2.7 is
 .true. For the second inequality in 2.7 , we know it holds in the case p s 1
 1 1. 1 .from the fact W L , l s L dm and Proposition 1. For p s `, it has to
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be proved that there exists a constant c independent of b such that for all
2 .f , g g L R ,
1 `5 5 5 5 5 5T f , g F c b f g . 3.1 .  .W L , l . 2 2b
 .By the definition of T , we need only to prove 3.1 for f , g g V . Since theb 0
integer translations of w are an orthonormal basis of V , then for any0
 4  4f , g g V , there exist c , h such that0 i j
f x s c w x y i , g x s h w x y j , .  .  .  . i j
i j
< < 2 5 5 2 < < 2 5 5 2with  c s f ,  h s g . We have2 2i i j j
T f , g s b x f x g x dx s c h b x w x y i w x y j dx. .  .  .  .  .  .  .H Hb i j
i , j
3.2 .
Notice that b is a positive function, thus
2
b x w x y i w x y j dx .  .  .H
2
’ ’s b x w x y i ? b x w x y j dx .  .  .  .H
F b x w 2 x y i dx ? b x w 2 x y j dx .  .  .  .H H
iqN jqN2 2s b x w x y i dx ? b x w x y j dx .  .  .  .H H
i j
iqN jqN
F b x k x , x dx ? b x k x , x dx .  .  .  .H H
i j
5 5 1 `2F c b by Lemma 1 . .W L , l .
 .Thus from 3.2 , we have
1 `< < < < 5 5T f , g F c c h b .  W L , l .b i j
i , j
1r21r2
2 2
1 `< < < < 5 5F c c ? h b  W L , l .i j /  /
i j
5 5 5 5 5 5 1 `s c f g b .2 2 W L , l .
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 .Thus the second inequality in 2.7 holds for p s 1, p s `, and hence it
also holds for 1 F p F ` by Lemma 2 and the interpolation theory. The
proof of Theorem 1 for 1 F p F ` is completed.
Ä 2 .   .  .  ..Proof of Lemma 3. By definition, b s s H b t k t, s rk s, s dt. For
Ä ` Ä Ä ` . <  .  . < 5 5p s `, b g L dm means for almost all s, b s k s, s F b , i.e.,L dm .
2 Ä `<  .  . < 5 5Hb t k t, s dt F b . In particular, for any l g Z,L dm .
 .lq1 N 2 Ä `5 5b t k t , s dt F b , a.e. .  .H L dm .
lN
Thus
 .  .lq2 N lq1 N 2 Ä `5 5b t k t , s dt ds F b , a.e. 3.3 .  .  .H H L dm .
 .ly1 N lN
and
 .lq1 N 2the left term of 3.3 s b t k t , s ds dt .  .  .H H
lN
 .lq1 Ns b t k t , t dt. .  .H
lN
Thus we get Lemma 3 for p s `. For 1 F p - `,
p2p b t k t , s .  . .lq1 NÄb s dm s s dt dm s .  .  .H H H /k s, s .lNl
p2b t q lN k t , s .  .N
s dt dm s . .H H /k s, s .0l
Since 1 F p - `, by Holder's inequality,È
b t q lN k 2 t , s .  .N
dt dm s .H H /k s, s .0
1rpp21y1rp b t q lN k t , s .  .N N
F k s, s ds dt dm s . .  .H H H /  / /k s, s .0 0
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 .By k s, s F c, we have
1ypp NÄb s dm s G k s, s ds .  .  .H H /0
p
N 2= b t q lN k t , s dt ds .  . H H /0l
p
N 2G c b t q lN k t , s ds dt .  . H H /0l
pc N N 2G b t q lN k t , s ds dt .  . H H /3 0 0l
p
2 N N 2q b t q lN k t , s ds dt .  . H H /N 0l
p
0 N 2q b t q lN k t , s ds dt .  . H H / 5yN 0l
p
N N 2s c b t q lN k t , s ds dt .  . H H / 0 0l
p
2 N N 2q b t q l y 1 N k t , s ds dt .  . . H H /N 0l
p
0 N 2q b t q l q 1 N k t , s ds dt .  . . H H / 5yN 0l
p
N N 2s c b t q lN k t , s ds dt .  . H H / 0 0l
p
N N 2q b t q lN k t , s y N ds dt .  . H H /0 0l
p
N N 2q b t q lN k t , s q N ds dt .  . H H / 50 0l
pc N 2 N 2G b t q lN k t , s ds dt .  . H Hp  /3 0 yNl
p
N
s c b t q lN k t , t dt . .  . H /0l
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Thus
p
p  .lq1 N pÄ 1 p5 5b s dm s G c b t k t , t dt s c b , .  .  .  .H H W L , l . /lNl
and the proof of Lemma 3 is completed.
4. PROOFS FOR THE CASE 0 - p - 1
First we give the proof of Lemma 4. By definition
p2p b t k t , s .  . .lq1 NÄb s dm s s dt dm s .  .  .H H H /k s, s .lNl
p2b t q lN k t , s .  .N
s dt dm s .H H /k s, s .0l
1yp
N
F k s, s ds . H /0l
p2b t q lN k t , s .  .N
= dt dm s .H H /k s, s .0
p
N N 2F c b t q lN k t , s dt ds .  . H H /0 yNl
p
N p
1 p5 5F c b t q lN k t , t dt F c b . .  . H W L , l . /yNl
The proof of Lemma 4 is completed.
 1 p.From Proposition 1 and Lemma 4, b g W L , l implies T g S withb p
5 5 5 5 1 p  .T F c b . Thus the second inequality in 2.7 is true for 0 -S W L , l .b p
 .p - 1. For the first inequality in 2.7 , we first define operators T ,b, n
n s 0,???, N y 1,
T f s f , w T w , w w . 4.1 .  . . b , n N lqn b N lqn N jqn N jqn
j l
n  4Let P be the orthogonal projection from V onto span w , then it0 N lqn l g Z
is easy to see
T s P nT P n , n s 0,???, N y 1.b , n b
Since S is an ideal class, thus for n s 0,???, N y 1,p
5 5 5 5T F T . 4.2 .S Sb , n bp p
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w xIf j / n, since supp w ; 0, N , we have
T w , w s b x w x y Nl y n w x y Nj y n dx s 0. .  .  . . Hb N lqn N jqn
 .Thus by 4.1 ,
T f s f , w T w , w w . 4.3 .  .  .b , 0 N l b N l N l N l
l
 .From 4.3 , we know w is the eigenvectors of T with eigenvaluesN l b, 0
 .  .T w , w . Then by 2.6 with T s T we haveb N l N l b, 0
p
2pp ÄT w , w s T w , w s b x w , k dm x .  .  . .  .Hb , 0 N l N l b N l N l N l x /
p p
2 2s b x w x dx s b x w x y Nl dx . .  .  .  .H HN l /  /
Similarly, for n s 1,???, N y 1, we have
p
2pT w , w s b x w x y Nl y n dx , .  . . Hb , n N lqn N lqn  /
and
Ny1
pT w , w .  b , n N lqn N lqn
ns0 l
pNy1
2s b x w x y Nl y n dx .  .  H /
ns0 l
pNy1
2s b x w x y Nl q N y n dx .  .  H /
ns0 l
py1
2s b x w x y Nl y n dx .  .  H /
nsyN l
pNy11 2s b x q Nl w x y n dx .  .  H /2 nsyN l
pNy11 N 2G b x q Nl w x y n dx .  .  H /2 0l nsyN
p1 N
s b x q Nl k x , x dx .  . H /2 0l
p1  .lq1 Ns b x k x , x dx .  . H /2 lNl
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Thus
Ny1
pp 1 p5 5T w , w G c b . .  W L , l .b , n N lqn N lqn
ns0 l
 .By 4.2 , we have
Ny1 Ny1
p p pT w , w s Tr T F NTr T . .  .  .  b , n N lqn N lqn b , n b
ns0 l ns0
5 5 1 p 5 5  .Thus b F c T and the first inequality in 2.7 holds for 0 -W L , l . Sb p
p - 1.
Remark. For the operator Sm s Q M Q , the result of Theorem 1 isb m b m
valid and the proof is similar.
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